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Abstract
This work provides a general discussion of the spatially inhomogeneous Lemaˆıtre-Tolman-
Bondi (LTB) cosmology, as well as its basic properties and many useful relevant quantities,
such as the cosmological distances. We apply the concept of the single null geodesic to
produce some simple analytical solutions for observational quantities such as the redshift.
As an application of the single null geodesic technique, we carry out a fractal approach
to the parabolic LTB model, comparing it to the spatially homogeneous Einstein-de Sitter
cosmology. The results obtained indicate that the standard model, in this case represented
by the Einstein-de Sitter cosmology, can be equivalently described by a fractal distribution
of matter, as we found that different single fractal dimensions describe different scale ranges
of the parabolic LTB matter distribution. It is shown that at large ranges the parabolic
LTB model with fractal dimension equal to 0.5 approximates the matter distribution of the
Einstein-de Sitter universe.
6
Resumo
Este trabalho fornece uma discussa˜o geral da cosmologia espacialmente inomogeˆnea de
Lemaˆıtre-Tolman-Bondi (LTB), bem como de suas propriedades ba´sicas e algumas grandezas
u´teis, como as distaˆncias cosmolo´gicas. A partir da aplicac¸a˜o do conceito de geode´sica nula
u´nica, obtivemos soluc¸o˜es anal´ıticas simples para grandezas relevantes como o redshift.
Como aplicac¸a˜o deste conceito de geode´sica nula u´nica, desenvolvemos uma abordagem
fractal para o modelo inomogeˆneo de LTB, comparando-o com a cosmologia homogeˆnea de
Einstein-de Sitter. Os resultados indicam que o modelo padra˜o, neste caso representado pela
cosmologia de Einstein-de Sitter, pode ser descrito de forma equivalente a uma distribuic¸a˜o
fractal de mate´ria, pois encontramos que dimenso˜es fractais diferentes descrevem regio˜es
diferentes do modelo parabo´lico de LTB. E´ mostrado que a grandes escalas o modelo de
LTB parabo´lico com dimensa˜o fractal igual a 0.5 aproxima-se da distribuic¸a˜o de mate´ria do
universo do modelo de Einstein-de Sitter.
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Introduction
The Lemaˆıtre-Tolman-Bondi (LTB) geometry is a spatially inhomogeneous description of
a spherically symmetric distribution of matter in the Universe. It is generally seen as an
alternative to the usual Friedmann-Lemaˆıtre-Robertson-Walker (FLRW) spatially homoge-
neous and isotropic geometry. The LTB model has three arbitrary functions - that can be
reduced to two functions by a coordinate transformation - which can be defined in a way that
they may obey some theoretical and/or observational requirements. The model has been
extensively studied since it was first obtained by A. Georges Lemaˆıtre (1933), re-derived and
interpreted by Richard C. Tolman (1934) and H. Bondi (1947), and rediscovered by many
other authors since then (see Krasin´ski 1997 and references therein). As we shall see be-
low, there are many different interpretations of the LTB geometry which, although different,
usually do not conflict with each other, but give complementary meanings.
The first of these interpretations was given by Lemaˆıtre when he first found the inhomo-
geneous solution in 1933. He investigated the formation and condensation of the galaxies
by using a small deviation from the Einstein static solution of the field equations. His
condensation model proved to be wrong, as it could not predict the galaxy formation by
utilizing a point-source model with a non-zero cosmological constant, because the generated
perturbations were too small (Bonnor 1956), but the solution remained as a new model.
In the following year, Tolman (1934) obtained a solution for the field equations that
described the matter in the Universe as inhomogeneously distributed. He claimed that the
12
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reason for obtaning those solutions came from the fact that extrapolations were being made
on the basis of the homogeneous models considered at the time, such as the use of heuristic
arguments of mathematical simplicity for the use of homogeneous solutions and that the
study of inhomogeneities over long periods of time and in very distant regions would have to
be made so that premature conclusions could be avoided. His dust, zero pressure spherically
symmetric model is the basis of all contemporary LTB models, such as the recently proposed
LTB void models (Garcia-Bellido & Haugbølle 2008).
In 1947 H. Bondi obtained the same solution as Tolman’s, and studied the Doppler
shift as a very interesting feature of the model. He interpreted the equation of motion -
found by Tolman as well -, as an energy equation, like the Newtonian energy equation for
the gravitational potential, and even showed that the model could be used to obtain other
specific cosmological solutions by making suitable choices of its arbitrary functions.
Since then the LTB model has been studied by many authors. A work of particular great
significance is the one advanced by W. B. Bonnor (1972, 1974). In his papers he presented
a different and simpler notation for the LTB metric, showed that fixing one of the functions
of the model could considerably simplify the expressions, generate different solutions, and
demonstrated that the LTB cosmology could evolve to a homogeneous Einstein-de Sitter
universe when certain conditions are fulfilled.
All these works and applications formed an initially solid theoretical ground for the inho-
mogeneous LTB cosmology, being a more general metric than the common FLRW models
that are widely used nowadays∗. Nevertheless, due to its generality, the LTB spacetime
comes with a recurring problem of finding analytical solutions to the relevant observational
quantities because the null geodesic equations are very difficult to solve analytically. Due to
that, Ribeiro (1992ab, 1993) performed a numerical approach to find approximate solutions
∗Alfadeel & Hellaby (2010) studied an even more general metric, the Lemaˆıtre space-time, where
pressure is non-zero. In this metric it is even more difficult to define the mass in an invariant way, but,
on the other hand, it could offer more flexibility and the possibility of fitting even more data than the
LTB geometry.
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to the null geodesic equations. In another attempt, Stoeger et al. (1992) showed that
changing the traditional LTB coordinates to what they called as ‘observational coordinates’
(Ellis et al. 1985) led to solvable null geodesic equations. But, as it turned out, in this
treatment the Eistein field equations became unsolvable analytically. In an attempt to avoid
this problem, Mustapha et al. (1997) used a chosen single null geodesic in order to find
an analytical solution for the studied quantities. They reasoned that there is essentially one
event when astronomical observations of cosmological relevance are made, then there is no
need of a general solution for the null geodesic equation. A draw-back is the impossibility
of studying the model’s evolution.
The LTB spacetime itself assumes inhomogeneity and isotropy relative to a certain point
in the Universe. This aspect of the LTB geometry contradicts the common idea that is usually
taken as truth in the cosmology community for the those who work with the standard model
of cosmology: the homogeneity and isotropy of the Universe, or the Cosmological Principle,
which states that the Universe has the same aspect if observed at any point.
We can say that there is a philosophical reason for this hypothesis being so hard to
drop. It is a very simple way of describing the Universe, and simplicity is almost like a
principle in physical theories. This simplicity in the description of the Universe leads to
the FLRW models commonly used, which have been sucessful in explaining many observed
aspects of the Universe, the most notable being the cosmic microwave background (CMB)
radiation. Nonetheless, for the FLRW models to generate the observed inhomogeneities and
the consequent formation of galaxies, clusters, superclusters and the filaments of matter
observed in the large scale structure of the Universe and explain the possible accelerated
expansion, other complementary initial condition or mechanisms are needed. That being
said, the argument of simplicity cannot hold if several complementary mechanisms are needed
to make the theory solid and functionable. Among other possibilities, such as the anisotropic
Bianchi models, which may also consider cosmological dissipative fluids to account for the
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anisotropies of the CMB radiation (Misner 1968, Ribeiro 1987, Pleban´ski & Krasin´ski 2006),
a change in the metric that describes the spacetime may be simpler than adding new features
to a cosmological model, additions which can be thought of as equivalent to modern day
Ptolomaic epicycles.
Among the observational features which may require a change in the spacetime metric
so that such features are properly characterized, it is worth mentioning that observations
of the large scale structure of the Universe often show that the distribution of galaxies is
concentrated in groups, which one can think, among other possibilities, to be hierarchically
organized. The hierarchical concept means that the matter in the Universe is grouped in
self-similar structures, namely galaxies, clusters and super-clusters of galaxies, depending on
the scales considered.
The concept of self-similar structures is well known, and can be called as a fractal system
(Mandelbrot 1982). The idea of fractals for describing the observed structures in the Universe
was transformed into a mathematical concept by Mandelbrot (1982) and was studied by
Pietronero (1987) in a Newtonian viewpoint, where he presented a very simple model in which
he defined the fractal distribution by a power law relating the number of objects to a certain
distance. Such a relation is bound to divide the universe in two different regions, the one
that belongs to the fractal system defined by that relation and the other one that does not.
This scenario relates to a discrete geometry, where there are different locally homogeneous
regions of the Universe (local isotropy), a weaker version of the Cosmological Principle,
stated by Mandelbrot (1982) and called as the Conditional Cosmological Principle. The
matter density would be then coordinate (spatially) dependent, meaning that the Universe
would be, in this model, described by an inhomogeneous distribution of matter that would
be compatible with a fractal distribution of matter.
This simple particular scenario, shared by some authors in the 1990s (Coleman & Pietronero
1992, Sylos Labini 1998), has changed over time. The problem can be approached from a
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different viewpoint: observations are made along the past null cone of the observer. Then,
observed inhomogeneities are natural consequences of a slicing process of the spacetime,
when a specific instant (redshift) of the Universe is considered. Then the inhomogeneity
would be an observational feature of the spatially homogeneous universe in this interpreta-
tion.
As will be further explained, the arbitrariness of the LTB geometry and its inhomogeneous
characteristic can be used for modelling a fractal cosmology. Such an approach amounts to a
hierarchical fractal model which has been studied by other authors (Ribeiro 1992ab, Ribeiro
1993, Sylos-Labini 1998, 2011). In the present work, the LTB spacetime is used to advance a
fractal approach for describing the distribution of matter in the Universe, following the work
of Ribeiro (1992ab, 1993), but differing from it in the sense that this author performed a
numerical approach to solve the null geodesic equations derived from the model. The use of
the single null geodesic technique provides analytical relations for the matter distribution, as
obtained by observational quantities. As we shall see further, the simplicity of the solutions
helps in the understanding and interpretation of the inhomogenous fractal model.
These previous developments were of considerable significance in the LTB fractal model
that is presented in this work. As Bonnor (1972) showed, there could be regions of the
spacetime where the de Vaucoulers (1970) density relation would be valid, within the inho-
mogeneous model in a hypersurface of constant t. The de Vancoulers density relation he
used, ρ ∝ (distance)1.7, is very similar to the one adopted in this work.
Another very interesting feature of the LTB models is that the modeled accelerated
expansion of the Universe by the standard model of cosmology, with the use of the cos-
mological constant and a postulated unknown “dark energy”, can be interpreted differently.
This question was first asked by Ce´le´rier (1999), who discussed the Type Ia supernovae
(SNIa) and their use as ”standard candles” for distance measurements and the consequent
interpretation of a cosmic acceleration in spatially homogeneous models. She proposed that
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the spatially inhomogeneous LTB model was a good alternative for FLRW cosmologies with
a non-zero cosmological constant for fitting the SNIa data, because the inhomogeneities
could take into account the SNIa data without the need to assume a cosmic acceleration,
if one is satisfied in ruling out the Cosmological Principle. As stated by Mustapha et al.
(1997), what is usually done is trying to determine a theory of source evolution taking the
FLRW assumption a priori. In other words, “if the demonstration of homogeneity depends
on knowing the source evolution, and validation of source evolution theories depends on
knowing the cosmological model is homogeneous, then neither is proved.” Expanding this
point of view, the so-called parametrized LTB void models present simple alternatives for
the description of the distribution of the sources, and the apparent consequences of this
acceleration, such as the distance measures from the SNIa. The LTB void models show
that these distances can be explained without the use of an extra dark energy component
(Garcia-Bellido & Haugbølle 2008).
Another explanation for the dark energy problem has been proposed by D. Wiltshire
(2013), in a phenomenological treatment of the averaging problem in General Relativity,
where it is proposed that the use of cold dark matter and dark energy to explain the different
gravity interactions in different scales is an indicative of a “renormalization of the notion
of gravitational mass in a hierarchy of nonrigid spacetime structures”. His results may be
viewed as a similar, or even complementary interpretation of the fractal (hierarchical) models.
These LTB type models have been recently acting as the main alternative explanation
for the acceleration problem, although not without their own difficulties, such as the the
fitting of the considered void center (in the context of void LTB models) and the BAO data,
although it is within 3σ confidence level (Marra & Pa¨a¨kko¨nen 2010). Another reason for
studying LTB models nowadays is a change in the scenario for the inhomogeneous models.
These models, mainly the LTB one, always happen to return whenever a new problem reveals
a deficiency or inconsistency with the current standard model. When a satisfying explanation
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for the problem is presented, then the LTB and alternative models like it are again discarded
for a period of time, not changing their status of alternative models. So, this work has the
intention of filling a gap that has been part of the LTB models for some time, that is, to
provide simple analytical expressions and also simple explanations for some common issues
of the model in the context of the new rise of the LTB inhomogeneous cosmology which
recently have been focusing in solving the so-called “dark energy” problem.
The plan of the dissertation is as follows. In chapter 1, the LTB geometry is presented
and its main interpretations are discussed. The relevant observational quantities are obtained
and the particular cases that can be derived from the model, and often used to compare
with similar ones derived in the FLRW models, are shown in details. Following the analyt-
ical development initiated in the first chapter, the concept of the single null geodesics is
discussed and a new solution of the redshift is obtained in chapter 2, as well as the resulting
simplified equations that are used in the next chapter for obtaning the analytical expressions
in the fractal model. In chapter 3, the fractal approach for describing galaxy distribution is
developed, its relation to the inhomogeneous model is also presented and discussed, and the
results of the use of the single null geodesic technique in this fractal model are shown. For
completeness and enlightment of the subject, a comparison of the fractal models with the
Einstein-de Sitter cosmology is made by the end of the chapter, making it clear that such a
comparison is necessary to understand the reason for studying fractals in an inhomogeneous
cosmology context. Finally, the conclusions are drawn in the last chapter.
Chapter 1
The Lemaˆıtre-Tolman-Bondi Geometry
This chapter begins by obtaining the LTB solution for the field equations of General Relativity
and discussing its properties. The relevant observational quantities are defined in section
1.2, and some interesting particular cases are obtained and discussed in section 1.3.
1.1 The Field Equation Solutions
The Einstein Field Equations of General Relativity are given by,
Gµν =
8piG
c4
Tµν , (1.1)
Gµν = Rµν − 1
2
gµνR, (1.2)
where the greek indexes run from 0 to 3. Here G and c are the gravitational constant and the
speed of light, respectively. These equations define the relationship between the space-time
geometry and the distribution of matter in the Universe, and come from Einstein’s search
for a gravitational theory to describe the matter dynamics in space-time, which was finally
presented in 1916.
The left-hand side of equation (1.1) is the “geometry side”, represented by the Einstein
tensor Gµν composed by a combination of the Ricci tensor Rµν , the Ricci scalar R, and
19
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the metric tensor gµν (eq. 1.2). This side of the equation defines the chosen space-time
metric. The right-hand side of the equation (1.1) is the “matter side”, defined by the energy-
momentum tensor Tµν which shows what will be interacting with the space-time defined in
the left-hand side of the equation.
The resulting equations will show how the space-time is altered by the mass-radiation
content when the metric and energy-momentum tensors are specified. So, under symmetry
assumptions and a matter-radiation distribution, the equations can be solved so that the
result is a description of the space-time itself.
For the LTB model we treat here, the basic assumptions are:
1. the geometry is spherically symmetric with a central point;
2. the energy-momentum tensor is given by a perfect fluid (zero rotation).
Taking into consideration the first condition, the most general line element in the 3 + 1
foliation form (Pleban´ski & Krasin´ski 2006) is,
dS2 = eC(t,r)dt2 − eA(t,r)dr2 −R2(t, r)(dθ2 + sin2 θdφ2), (1.3)
for the coordinates (t, r, θ, φ), where C(t, r) and A(t, r) are functions to be determined, and
R is related to the area of the surface (t = constant, r = constant), called the areal radius.
Assuming that the space-time coordinates are comoving and synchronous, the velocity field
is given by,
uα = e−C/2δα0, (1.4)
where uα is the 4-velocity and δα0 is the delta Kronecker function. The second assump-
tion above leads to the perfect fluid energy-momentum diagonal tensor, defined as Tµν =
(ρ,−p,−p,−p), where ρ and p are the mass density and pressure, respectively. The Einstein
field equations are then reduced to,
G00 = e
−C
(
R˙2
R2
+
A˙R˙
R
)
− e−A
(
2
R′′
R
+
R′2
R2
− A
′R′
R
)
+
1
R2
= κρ, (1.5)
CHAPTER 1. THE LEMAIˆTRE-TOLMAN-BONDI GEOMETRY 21
G10 = e
−A
(
2
R˙′
R
− A˙R
′
R
− R˙C
′
R
)
= 0, (1.6)
G11 = e
−C
(
2
R¨
R
+
R˙2
R2
− C˙R˙
R
)
− eA
(
R′2
R2
+
C ′R′
R
)
+
1
R2
= −κp, (1.7)
G22 = G
3
3 =
1
4
e−C
(
4
R¨
R
− 2C˙R˙
R
+ 2
A˙R˙
R
+ 2A¨+ A˙2 − C˙A˙
)
−
−1
4
e−A
(
4
R′′
R
+ 2
C ′R′
R
− 2A
′R′
R
+ 2C ′′ + C ′2 − C ′A′
)
= −κp, (1.8)
where the dot and the prime mean partial derivatives with respect to t and r, respectively. We
also have c = G = 1 and κ = 8pi, a choice that turns the units into the so-called geometric
units. In these units, the distances are given in 109 pc, the time unit is in 3.26× 109 years
and mass is expressed in units of 2.09 × 1022M. In order to solve the above system we
assume the equation of state p = 0, i.e., evolution by gravitation only and the fluid will
move along timelike geodesics. Differentiating equation (1.4) we have,
u˙α = −1
2
C˙e−C/2δα0, (1.9)
where we clearly see that if we assume zero acceleration, we must have C˙ = 0. If we use
the following coordinate transformation,
dt¯ = eC/2dt, (1.10)
we can find a value for the function C(r, t). Using equation (1.10), the new velocity field is
given by,
uα¯ = eC/2δα¯0, (1.11)
or,
dxα = eC/2dt¯δα0, (1.12)
which can be written as,
dxα = dtδα0. (1.13)
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As a coordinate transformation cannot change the velocity field, equations (1.4) and (1.11),
imply that C = 0. Applying this condition in equation (1.6) leads to the result,
e−A
(
2
R˙′
R
− A˙R
′
R
)
= 0. (1.14)
Simplifying by the product rule for derivatives (in t) we have,
∂
∂t
(e−A/2R′) = 0. (1.15)
Now there are two particular solutions to be considered for the above equation. The one
for R′ = 0 is studied as a different case, the Datt-Ruban solution, where it is considered
a fluid of charged dust, instead of having only a dust solution, and may lead to a neck or
wormhole (see Plebanski & Krasin´ski 2006, p. 384). For the other case, with R′ 6= 0,
integrating equation (1.15) in t we have,
eA =
R′2
1 + 2E(r)
, (1.16)
where E(r) is an arbitrary function. The line element (1.3) now takes the form,
dS2 = dt2 − R
′2
1 + 2E(r)
dr2 −R2(t, r)(dθ2 + sin2 θdφ2). (1.17)
Now assuming A 6= 0 and remembering that C = 0, we can substitute equation (1.16) into
the field equation (1.7), multiply it by R2R˙, and find,
2R¨R˙R + R˙3 − (1 + 2E)R˙ + R˙ = 0. (1.18)
The above equation can be reduced using the product rule of derivatives, as follows,
∂
∂t
(RR˙2 − 2ER) = 0. (1.19)
Integrating the above expression we have,
R˙2 = 2E(r) + 2
M(r)
R
, (1.20)
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where M(r) is another arbitrary function. The equation (1.20) has the same form as the
energy equation for a Newtonian radial motion in a Coulomb potential. The terms in the
equation can be interpreted by using this analogy, with M(r) being the active gravitational
mass, and E(r) playing the role of the total energy within the shell of radius r. The same
procedure of assuming A 6= 0 and having C = 0 applied to the field equation (1.5) will give,
R˙2
R2
+
A˙R˙
R
− 1 + 2E(r)
R′2
(
2
R′′
R
+
R′2
R2
− A
′R′
R
)
+
1
R2
= κρ. (1.21)
Considering equation (1.16), the derivatives of the function A(r, t) with respect to t and r
are, respectively, 
A˙ = 2
R˙′
R
,
A′ = 2
R′′
R
+
2E ′
1 + 2E
.
(1.22)
Substituting these derivatives into equation (1.21) and using equation (1.20) we have
1 + 2E
R2
+
2E ′
R′R
− 2M
′
R′R2
− 1 + 2E
R′2
[
R′2
R2
− 2R
′E ′
R(1 + 2E)
]
= κρ. (1.23)
The first and fourth terms of the left-hand side cancel, as well as the second and fifth terms.
The result is a constraint for the mass density in this geometry, given by the expression
below,
8piρ =
2M ′
R2R′
. (1.24)
The equations (1.17), (1.20), (1.24) define the Lemaˆıtre-Tolman-Bondi model. It can be
seen that there are two singularities arising from these equations. One of them occurs when
R = 0 and M ′(r) 6= 0, and is interpreted as the Big Bang singularity. The other one comes
where R′ = 0 and M ′(r) 6= 0, and it defines a shell crossing singularity, where the mass
density diverges. This shell crossing separates two regions of the space-time with different
velocities, and could indicate a breakdown in the assumptions of the model. However, these
real singularities can be avoided by an appropriate choice of the functions M(r), E(r)
(Hellaby & Lake, 1984, 1985).
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The field equation (1.20) has three different solutions, depending on the range of the
function E(r). These three possible distinct solutions are shown below.
For E < 0, 
R(r, t) = −M
2E
(1− cos η),
η − sin η = −2E
3/2
M
[t− tB(r)].
(1.25)
For E = 0,
R(r, t) =
{
9
2
M(r)[t− tB(r)]2
}1/3
. (1.26)
For E > 0, 
R(r, t) =
M
2E
(cosh η − 1),
sinh η − η = (2E)
3/2
M
[t− tB(r)].
(1.27)
These solutions were interpreted by Bondi (1947) as different systems. For E(r) < 0 and
E(r) > 0 the system is bound and unbound, and these cases are known as elliptic and
hyperbolic solutions, respectively. The simplest solution, the case E(r) = 0, is the parabolic
solution and is interpreted by Bondi as a marginally bound system with no excess and no
loss of energy. Another interpretation for this function is of a local curvature, dependent on
r. For every subspace of t = constant, there is a different curvature, unlike the Friedmann
models, where the curvature is a global characteristic of that spacetime. The picture is that
the three distinct solutions can be considered as the same cosmological model, as they can
simply hold in different regions of the spacetime. These equations contain a third arbitrary
function, tB(r). For t = tB(r), one can cleary see that all three equations (1.25), (1.26)
and (1.27) lead to the same result, R(r, t) = 0. This value defines a singularity called the
bang time, which in this geometry is position-dependent.
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Another common notation of the LTB metric is the Bonnor’s notation. In this case the
line element and the field equations are given by,
dS2 = dt2 − R
′2
f 2
dr2 −R2(dθ2 + sin2 θdφ2), (1.28)
R˙2
2
− F (r)
4
1
R
=
(f 2 − 1)
2
, (1.29)
8piρ =
F ′
2R′R2
. (1.30)
We can see that the field equation (1.29) can be interpreted as an energy equation similarly
as equation (1.20), where the first and second terms can be interpreted as an “kinectic” and
“potential” energy terms, while the right-hand side is related to the “total” energy of the
system, basically the same interpretation as the one given by Bondi. The arbitrary functions
in this notation are related to Bondi’s as follows,
4M(r) = F (r), (1.31)
1 + 2E(r) = f 2(r), (1.32)
tB(r) = β(r). (1.33)
We can see from the equation (1.29) that the functions related in equation (1.31) can
be interpreted as the mass contained in a radius r, a concept of mass defined as coordinate-
dependent. We can now rewrite the solutions for R(r, t) in terms of the Bonnor’s notation,
for the different intervals.
For f 2 < 1, 
R(r, t) =
F
4
(1− 2 cos 2Θ)
|f 2 − 1| ,
t+ β =
F
4
(2Θ− sin 2Θ)
|f 2 − 1|−3/2 .
(1.34)
For f 2 = 1,
R(r, t) =
(9F )1/3
2
[t+ β]2/3. (1.35)
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For f 2 > 1, 
R(r, t) =
F
4
(2 cosh 2Θ− 1)
(f 2 − 1) ,
t+ β =
F
4
(sinh 2Θ− 2Θ)
(f 2 − 1)−3/2 .
(1.36)
The Bonnor’s notation will be used from now on for its simplicity.
1.2 Observational Quantities
Among the most relevant results that can be obtained in a cosmological model are relations
between observables and the functions that define the model itself, as one of the main
goals of a cosmological model is their ability to predict and describe many properties of the
observable universe. The next subsections will discuss some useful quantities for studying
cosmology. In section 1.2.1 we derive the commonly used distances, in section 1.2.2 we
obtain the expressions for the number counts and the global densities and, finally, in the
sections 1.2.3 and 1.2.4 we derive two concordant methods for finding the redshift.
1.2.1 Distances
With the results obtained in the previous section we can derive expressions for relevant
quantities as a function of the redshift. For that, first we shall define the distances to be
used in these equations.
According to Ellis (1971), the ‘observer area distance’, or simply ‘area distance’ dA is
defined as below,
(dA)
2 =
dσA
dΩA
, (1.37)
where dσA is the intrinsic cross-sectional area of the source and dΩA is the solid angle
measured by the observer, over a bundle of null geodesics. The expression for the area
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Figure 1.1: The area distance dA is obtained by the relationship between the intrinsic
cross-sectional area dσA of the source, measured at its restframe, and the solid angle
dΩA measured by the observer (Ribeiro 2005).
distance in the LTB geometry is
(dA)
2 = R2
dθ sin θdφ
dθ sin θdφ
= R2, (1.38)
which is valid if we consider that the light travels from the source to the observer through
null geodesics. This distance is also known in the literature as ‘angular diameter distance’.
We can see in Figure 1.1 how the area distance is defined geometrically.
The luminosity distance dL is defined by the expression,
F = L
4pi(dL)2
, (1.39)
where F is the radiation flux measured by the observer, and L is the intrinsic luminosity
of the object. These distances are connected by the famous Etherington (1933) reciprocity
theorem (Ellis 1971, 2007),
dL = dA(1 + z)
2 = dG(1 + z), (1.40)
which is valid for any space-time, given that the metric that describes this space-time has
symmetric connections and under the assumption that light travels along null geodesics.
CHAPTER 1. THE LEMAIˆTRE-TOLMAN-BONDI GEOMETRY 28
Figure 1.2: The galaxy area distance dG is obtained by the relationship between the
cross-sectional area dσG measured at the observer’s restframe, and the solid angle dΩG
measured at the source’s rest-frame (Ribeiro 2005).
Here z is the redshift and dG is the ‘galaxy area distance’, or ‘angular size distance’, which is
a distance measured from the point-source, the opposite of the area distance. For the LTB
space-time, this theorem states that,
dL = R(1 + z)
2. (1.41)
Figure 1.2 shows a diagram for the galaxy area distance illustrating how it can be obtained
geometrically.
1.2.2 Number Counts and Densities
The cumulative number counts N of sources is given by the following general differential
expression (Ellis 1971),
dN = (dA)
2dΩ0[n(−kαuα)]Pdλ, (1.42)
where n is the numerical density per proper volume in the solid angle dΩ0 over a displacement
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Figure 1.3: A section of a bundle of null geodesics which subtends a solid angle dΩ0 at
the observer’s position λ = 0 (adapted from Moura Jr. 1997).
of the affine parameter dλ, where kα is the radiation flux vector and uα is the four velocity
of the observer. Figure 1.3 illustrates how this expression is obtained. To proceed now we
need to reduce the above equation in terms of the LTB spacetime. For that, we initially
project the tangent vector of the null geodesic kα = dxα/dλ in the observer’s spacelike
hypersurface (Moura Jr. 1997) by using the projection tensor defined by,
hαβ = δ
α
β + u
αuα, (1.43)
which results in,
hαβk
β = kα − uαuβkβ. (1.44)
We can see in Figure 1.4 that the projection of kα is perpendicular to the velocity of the
observer uα, or that,
nαu
α = 0, (1.45)
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Figure 1.4: The projection of the vector kα on the observer’s rest space, where nα is
the unit vector in the direction of this projection and it is ortogonal to the observer’s
four-velocity uα (adpated from Moura Jr. 1997).
where nα is the unit vector in the direction of the projection of kα. As nα is a space-like
vector, its normalization is given by,
nαnα = −1, (1.46)
and
uαuα = 1. (1.47)
Considering equation (1.44), we can write now that,
kα = Lnα + uαuβk
β, (1.48)
where L is the modulus of the spacelike projection to be determined. From the above
equation we have,
kαkα = (Ln
α + uαuβk
β)(Lnα + uαuβk
β), (1.49)
or, if we multiply the vectors,
L2nαnα + (k
βuβ)
2(uαuα) + Ln
αkβuβuα + Lnαk
βuβu
α = 0. (1.50)
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In view of equation (1.45), the expression above reduces to,
L2nαnα + (k
βuβ)
2(uαuα) = 0. (1.51)
Remembering equations (1.46) and (1.47), we end up with the following expression,
L2 − (kβuβ)2 = 0, (1.52)
or,
L = ±kβuβ. (1.53)
If we choose the minus sign, for an incoming light ray, we have that,
L = −kβuβ. (1.54)
Substituting back into equation (1.48), we have that,
kα = −(kβuβ)(nα − uα). (1.55)
The above equation is simply a decomposition of the vector kα in two parts, one in the rest
space of the observer and another in the observer’s world line. As kα = dxα/dλ, it follows
that,
dxα = −(kβuβ)(nα − uα)dλ, (1.56)
and then, if we have an increase in the affine parameter λ, an increase in the quantity
(kβuβ)dλ will follow, and the spatial displacement will be,
dv = −(kβuβ)dλ. (1.57)
Now if we substitute the vector uα = δα0 in the above equation, we find that,
dv = −(k0)dλ, (1.58)
and, as k0 = dx0/dλ = dt/dλ, we have that,
dv = −dt. (1.59)
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Since we are dealing with a radial past null geodesic (incoming light ray), we have dS2 =
0 = dθ2 = dφ2 in equation (1.28), or
dt
dλ
= −
(
R′
f
)(
dr
dλ
)
. (1.60)
Substituting equation (1.60) in equation (1.59), the displacement is finally given by,
dv =
R′
f
dr. (1.61)
As we have the spherical symmetry of the LTB geometry, the equation (1.42) reduces to,
dN = 4pinR2
R′
f
dr. (1.62)
Considering the local density equation (1.30), we can find an expression for the quantity n,
n =
ρ
Mg =
F ′
16piMgR′R2 , (1.63)
where Mg is the rest mass of the cosmological sources, usually galaxies. We assume that
there is no evolution in mass of the sources. We are also assuming that the galaxies have
negligible relative velocities, otherwise we would have a non-zero pressure, which contradicts
the initial assumption of zero pressure for our LTB spacetime. Substituting equation (1.63)
into the expression (1.62), we find,
N(r) =
1
4Mg
∫
C
F ′
f
dr. (1.64)
The global volume and the global density, which is different from the previously defined
local density (1.30), can be defined respectively as,
Vi(r) =
4
3
pi(di)
3, (1.65)
γ∗i(r) =
MgN(r)
Vi(r)
, (1.66)
where the indexes i = {L,A,G} are related to the different cosmological distances described
in the previous section. For example, if we take the luminosity distance, the equations above
reduce to
VL(r) =
4
3
pi(dL)
3 =
4
3
piR3(1 + z)6, (1.67)
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γ∗L(r) =
MgN(r)
VL(r)
=
3
16piR3(1 + z)6
∫
C
F ′
f
dr. (1.68)
1.2.3 Redshift
Now we are able to find an expression for the fundamental quantity known as the redshift in
the LTB model. The most general and geometrically independent expression for the redshift
is given by Ellis (1971) as follows,
1 + z =
(uαkα)source
(uβkβ)observer
. (1.69)
In comoving and synchronous spherically symmetric coordinates, the expression above be-
comes,
1 + z =
dt
dλ
∣∣∣
λ=λ¯
(
dt
dλ
∣∣∣
λ=0
)−1
, (1.70)
where λ¯ is an arbitrary value for the affine parameter λ along the geodesic and λ = 0 is
what we call “here and now”, the observer’s position.
In order to solve the equation above we shall need first to obtain the so-called regularity
conditions. The solutions of the field equation (1.29), given by the expressions (1.34), (1.35)
and (1.36), have to be locally Euclidean in the vicinity of the origin (r ≈ 0). We can obtain
these regularity conditions at the origin by following a simple procedure (Ribeiro 1993).
Consider a displacement in the 2-surface t = constant, φ = constant in equation (1.28),
− dS2 = R
′2
f 2
(
dr2 +
R2f 2
R′2
dθ2
)
. (1.71)
For this 2-surface to be Euclidean at r = 0, we need that R′2f−2 → constant ( 6= 0), and
then
f 2R2
R′2
∼ r2, (1.72)
or, as in Bonnor (1974),
lim
r→0
R′2r2
f 2R2
= 1. (1.73)
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Supposing now that f is approximately constant for small r, the equation
R′2
R2
=
f 2
r2
(1.74)
can be integrated to get R = rf , and therefore,
lim
r→0
R′
f
= lim
r→0
rf−1. (1.75)
If f < 1, the limit goes to infinity and if f > 1 it is zero. Hence, it can only converge to
a nonzero constant if f = 1, and R ∼ r as r → 0. Now if we also assume that F ≈ 0 as
r → 0, the field equation (1.29) necessarily reduces to R˙ = 0, and, as we already have seen
that R ≈ r when r → 0, we have that R′(0) = 1. The regularity conditions at r ≈ 0 are
then,  R = r,f = 1,
R′ = 1,
F = 0.
(1.76)
Taking into consideration these conditions in equation (1.60), and substituting the latter
into equation (1.70), we find
1 + z =
[
R′
f
dr
dλ
]
λ=λ¯
(
dr
dλ
∣∣∣
λ=0
)−1
. (1.77)
We now will use the Lagrangean method to solve the right-hand side of the differential
equation above (Ribeiro 1992a). The Lagrangean for the LTB metric with dθ2 = dφ2 = 0
and its two Euler-Lagrange equations are, respectively,
L =
(
dS
dλ
)2
=
(
dt
dλ
)2
−
(
R′
f
dr
dλ
)2
, (1.78)
where the Lagrange equations of the second kind are written as,
d
dλ
∂L
∂(dxν/dλ)
− ∂L
∂xν
= 0, (1.79)
which in the radial case turn to,
d2t
dλ2
+
(
dr
dλ
)2
R′R˙
f 2
= 0, (1.80)
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d2r
dλ2
+
1
R′
(
dr
dλ
)2(
R′′ − f
′R′
f
)
+ 2
dr
dλ
dt
dλ
R˙′
R′
= 0. (1.81)
Substituting the past radial null geodesic equation (1.60) into equations (1.80) and (1.81),
we have,
d2t
dλ2
−
(
dt
dλ
)2
R˙
R′
= 0, (1.82)
d2r
dλ2
+
1
R′
(
dr
dλ
)2(
R′′ − f
′R′
f
)
− 2 dr
dλ
dr
dλ
R′R˙′
f
= 0. (1.83)
Integrating the above equations once, we find,
dt
dλ
=
1
I + C1
, (1.84)
dr
dλ
=
[∫ (
R′′
R′
− f
′
f
− 2R˙
′
f
)
dλ+ C2
]−1
, (1.85)
where
I ≡
∫
R˙′
R′
dλ, (1.86)
and C1 and C2 are two constants of integration that can be deduced if we substitute the
equations (1.84) e (1.85) back into the geodesic equation (1.60). Then we find,∫ (
R′′
R′
− f
′
f
− 2R˙
′
f
)
dλ+ C2 = −R
′
f
(I + C1), (1.87)
which is valid for any value of λ. Assuming now we have that λ = 0 at r = 0 and using the
regularity conditions (1.76), we conclude that
C1 = −C2. (1.88)
As C1 and C2 are arbitrary constants, we choose now C1 = −1 and C2 = 1, as we are
dealing with the past null geodesic. Therefore,
dt
dλ
=
1
I − 1 , (1.89)
dr
dλ
=
f
(1− I)R′ . (1.90)
CHAPTER 1. THE LEMAIˆTRE-TOLMAN-BONDI GEOMETRY 36
The above choice of constants and regularity conditions show that equation (1.90) reduces
to,
dr
dλ
∣∣∣
λ=0
= 1. (1.91)
Substituting the above expression into equation (1.77), the final result is,
z =
I
1− I . (1.92)
The integral (1.86) can be finally written in terms of the following differential equation,
dI
dr
=
(1− I)
f
R˙′. (1.93)
Solutions for the differential equation (1.93) as a function of r can be used to obtain a final
expression for the redshift in terms of r, depending on the form of the functions f(r) e
R˙′(r, t). This will be done with the aid of the single null geodesic, in chapter 3.
1.2.4 Alternative Method for the Redshift
There is another way to obtain an expression for the redshift. We present here the procedure
showed by Pleban´ski & Krasin´ski (2006), originally done by Bondi (1947). Let two light rays
be emitted in the same direction, the second one being emitted after a small time-interval
∆T . The equation for the first and the second rays are, respectively,
t1 = T (r), t2 = T (r) + ∆T (r). (1.94)
Both rays must obey the past null geodesic equation (1.60), so
dT
dr
= −R
′[T (r), r]
f
, (1.95)
d(T + ∆T )
dr
= −R
′[T (r) + ∆T, r]
f
. (1.96)
As ∆T (r) is assumed to be small, we have to first order in ∆T ,
R′[T (r) + ∆T, r] = R′[T (r), r] + ∆T (r)R˙′[T (r), r]. (1.97)
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Substituting the above expression into equation (1.96) and using equation (1.95) we have,
dT
dr
+
d∆T
dr
= −R
′[T (r), r]
f
−∆T (r)R˙
′[T (r), r]
f
. (1.98)
According to equation (1.95), the first terms of the left-hand and right-hand sides cancel
out and the result is,
d∆T
dr
= −∆T (r)R˙
′[T (r), r]
f
. (1.99)
As stated by equation (1.69), the redshift can be defined as a relation between the period
∆T of emission of the wave and the period measured at the observer’s position,
∆T (rsource)
∆T (robs)
= 1 + z(rsource). (1.100)
Now we keep the observer at a fixed position and consider the source at two positions, rsource
and (rsource + dr). Differentiating the above equation with respect to r results in,
d∆Tsource
dr
− dz
dr
∆Tobs = (1 + z)
d∆Tobs
dr
. (1.101)
If we consider that at the source’s position d∆Tsource/dr ∼ 0, the expression above reduces
to,
(1 + z)
d∆T
dr
= −∆T dz
dr
. (1.102)
where ∆Tobs = ∆T . Substituting this expression into equation (1.99), we find
1
1 + z
dz
dr
=
R˙′[T (r), r]
f
, (1.103)
whose integration produces the following expression,
ln [1 + z(r)] =
∫ robs
rem
R˙′[T (r), r]
f
dr. (1.104)
This result is the same as the one obtained by the Lagrangean method shown in the
previous section. To see that, let us differentiate equation (1.92) with respect to r,
dz
dr
=
dI
dr
1
(1− I)2 . (1.105)
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Now if we substitute equation (1.93) into equation (1.103), to eliminate the arbitrary func-
tions R˙′ and f , we find the relation,
1
1 + z
dz
dr
=
dI
dr
1
1− I , (1.106)
which is the same expression as equation (1.105), given that (1+z)−1 = (1−I), by equation
(1.92).
1.3 Particular Cases
In order to find special cases of the LTB cosmology, we have to specify at least one of the
arbitrary functions of the model. In this section, we will show how different specifications
lead to different models.
1.3.1 Friedmann Models
In order to obtain the Friedmann metric from the LTB one, it is necessary to assume that
(Ribeiro 1992a, 1994),
R(r, t) = a(t)g(r), f(r) = g′(r). (1.107)
Substituting these functions into equation (1.28) we have that,
dS2 = dt2 − a2(t){dr2 + g2(r)[dθ2 + sin θ2dφ2]} , (1.108)
which is a Friedmann metric if
g(r) =

sin r,
r,
sinh r.
(1.109)
Substituting the equations (1.107) in equation (1.30), and integrating it, we have that,
F
4
=
4pi
3
ρa3g3. (1.110)
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Now if we substitute equations (1.107) and (1.110) into the field equation (1.29) we obtain
the following result,
a˙2 =
8pi
3
ρa2 −K, (1.111)
where K = (1 − g′)2/g2. It is clear that K = +1, 0,−1 if g = sin r, r, sinh r, respectively,
and that equation (1.111) is the usual Friedmann equation, which can be written in the
following form,
a˙2g2
2
− w
ag
= −(1− g′2), (1.112)
where
w(r) =
4pi
3
ρa3g3. (1.113)
Once again we can interpretate the Friedmann field equation (1.112) as an energy equation,
as we did for the LTB model, with 4w(r) = F (r) acting as the gravitational mass inside
the coordinate r. The right-hand side of the equation (1.112) can also be interpreted as the
total energy of the system.
The function β(r) gives the bang time of the model, and if we consider t = 0, and
β(r) = 0, then the hypersurface t = 0 is singular, that is, R = 0 everywhere, so β(r) gives
the age of the universe which in the LTB spacetime is different for observers at different
radial coordinates r. In the Friedmann models this characteristic does not exist - the universe
has the same age for all observers at any positions on a hypersurface of constant t, i.e., the
big bang is simultaneous. In the LTB spacetime, the big bang may have ocurred at different
proper times in different locations. So, to reduce from the LTB metric to Friedmann we
have to assume β =constant. We can link β and the Hubble constant H as follows,
R˙
R
=
a˙
a
= H(t), for β = β0, (1.114)
where β0 is a constant. If we consider the parabolic model given by the equation (1.35), we
can see that
β0 =
2
3H0
, (1.115)
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where H0 = H(0). The above equation relates β0 and the Hubble constant H0 in an
Einstein-de Sitter universe.
In a similar way, as discussed by Pleban´ski & Krasin´ski (2006), the general Friedmann
models can also be obtained from the LTB spacetime by the following choice of the functions:
F (r) = 4m0r
3; f 2(r) = 1− kr2; β(r) = constant, (1.116)
where m0 and k are two constants, with m0 acting as a mass component and k being the
curvature of the Friedmann spacetime. The last function, β(r), is considered constant or,
more precisely, simultaneous for every point of the spacetime. This is a coordinate-dependent
limit, but there is an invariant condition for this case, which is ρ′ = 0. In each interval of r
in which F ′ does not change sign, F (r) can be used as independent variable instead of r, as
equations (1.28) and (1.30) are covariant under the coordinate transformations r = h(r′).
Applying this condition to equation (1.30), we have,
ρ =
3
16pi
[
d(R3)
dF
]−1
⇔ R3 −R3(F0) =
∫ F
F0
3
16piρ(F˜ )
dF˜ . (1.117)
Then the condition of spatial homogeneity ρ′ = 0 implies that,
dρ
dF
= 0, or
d2(R3)
dF 2
= 0. (1.118)
If we use equations (1.34) and (1.36), we can solve the condition above for the different
intervals of f(r), resulting in,
1− f 2
F 2/3
= constant, β(r) = constant. (1.119)
The equations (1.119) define the Friedmann limit invariantly.
Now if we substitute the functions (1.116) into the field equation (1.29), it takes the
form,
R˙2 + kr2 − 2m0r
3
R
= 0. (1.120)
The field equation can be written in another way if we multiply it by 1/R2,
R˙2
R2
+
kr2
R2
− 2m0r
3
R3
= 0. (1.121)
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The equation (1.121) can still be rewritten in the parameter form,
H + Ωk − Ωm = 0, (1.122)
where H is called the Hubble parameter, Ωk is the curvature parameter and Ωm is the
mass parameter. These parameters are often used as estimates of the characteristics of
the Universe, as the Friedmann model is considered the actual standard one. The current
values for these parameters are Ωk ' 0, Ωm ' 0.27, with H0 ' 70 km/s/Mpc (Komatsu
et al. 2011). Here we are not considering the density of the vaccuum parameter ΩΛ, often
associated to a cosmological constant Λ, commonly interpreted as a dark energy component
responsible for an accelarated universe. The value of this component in the current standard
Friedmann model is ΩΛ ' 0.73, and if we consider this parameter in the original field
equation (1.2), it is written as,
Gµν = Rµν − 1
2
gµνR + Λgµν , (1.123)
and the expression (1.122) becomes,
H + Ωk − Ωm − ΩΛ = 0, (1.124)
where ΩΛ = (1/3)ΛR
2. The equation for the mass density (1.30) is then given as,
ρ =
3m0r
2
4piR′R2
. (1.125)
Using equation (1.125) in equation (1.121), we can define a critical density, given by
ρcr =
3H2R′R
8pir
, (1.126)
which defines the curvature of the universe in this model. If ρ > ρcr, then the universe
is closed (k > 0); if ρ < ρcr, then the universe is open (k < 0), and if ρ = ρcr, the
universe is flat (k = 0). The matter observed by telescopes accounts only for, approximately,
ρo ≤ 0.2ρcr, considering the actual value for H0, which yields an estimate age for the Universe
of ∼ 14 Gyr. The next section will explore the Einstein-de Sitter model, which assumes a
flat universe (k = 0) and a simultaneous big bang.
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1.3.2 Einstein-de Sitter Model
Among many cosmologies that can be obtained from the LTB spacetime, a straighforward
one is the Einstein-de Sitter (EdS) model. The EdS geometry is a case limit of the spherically
symmetric matter dominated Friedmann cosmology with null pressure, where the Universe
has the exactly necessary amout of energy to escape the collapse due to gravity. To generate
it, the LTB functions take the form (Ribeiro 1992b),
F (r) =
8
9
r3; f(r) = 1; β(r) = β0. (1.127)
The new expressions for the scale factor R(r, t) and its derivatives are:
R(r, t) = r(t+ β0)
2/3, R˙(r, t) =
2
3
r(t+ β0)
−1/3, (1.128)
R′(r, t) = (t+ β0)2/3, R˙′(r, t) =
2
3
(t+ β0)
−1/3. (1.129)
The above equations define the EdS cosmology. The line element for this case is
dS2 = dt2 − (t+ β0)4/3[dr2 − (r)2(dθ2 + sin2 θdφ2)], (1.130)
Bearing in mind that the aim here is to analyze the model along the observer’s past null
cone, we can make use of the null geodesic equation,
dt
dr
= −R
′
f
, (1.131)
and substitute the equations (1.127), (1.128), and (1.129) in the above expression and
integrate it from t = 0, r = 0 (our “here and now”, or the observer’s position) to t[r(λ)] to
find,
3(t+ β0)
1/3 = 3β
1/3
0 − r. (1.132)
This relates the radial and temporal coordinates r and t, and this equation can be used to
rewrite the expressions (1.128) and (1.129) along the past null cone as,
R =
r
9
(3β
1/3
0 − r)2, R˙ = 2r(3β1/30 )−1, (1.133)
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R′ =
1
9
(3β
1/3
0 − r)2, R˙′ = 2(3β1/30 )−1. (1.134)
Substituting the above expressions into equation (1.93), and integrating it from I = 0, r = 0
to I(r), we find,
1− I =
(
3β
1/3
0 − r
3β
1/3
0
)2
, (1.135)
and now substituting it back into equation (1.92), we obtain an expression for the redshift,
1 + z(r) =
(
3β
1/3
0
3β
1/3
0 − r
)2
. (1.136)
The equation (1.132) can be used to obtain a value for the radial coordinate corresponding
to a specific value of the temporal coordinate tB, which is,
rB = 3[(tB + β0)
1/3 − β1/30 ]. (1.137)
Finally, the radial coordinate and the luminosity distance are related by the following expres-
sion,
r = 3tB
1/3 −
{
91/2tB
1/3
[
1
2
+
(
dL
3tB
+
1
4
)1/2]}−1
. (1.138)
Chapter 2
The Single Radial Null Geodesic
As seen in the last chapter, the inhomogeneous LTB model is a non trivial model when it
comes to finding analytical solutions for the observational quantities that are generally of
interest in the cosmological studies. In this sense, the idea of using a single null geodesic is
a way of simplifying the problem of finding analytical solutions for observational quantities.
While treating observations of the sky, we mostly deal with a single event on a cosmological
scale, which means studying the observer’s single past null cone. The concept of a single
radial null geodesic translates that observational aspect into a geometrical one. For simplicity
in the calculations and applications, we shall use the parabolic LTB solution as given by
equation (1.35), and a simultaneous big bang (β0 = constant). In section 2.1 we present
the concept of the single past null geodesic and in section 2.2 we derive the analytical
expression for the redshift.
2.1 The Concept
Mustapha et al. (1997) proposed the concept of a single null geodesic in order to find a
particular solution for an observer’s past null cone by assuming dS2 = 0 = dθ2 = dφ2 in the
geodesic equation (1.60), to obtain an equation of motion along the past null cone. The
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result is a relation between the coordinates t = tˆ and r, given by
dtˆ = −R
′[tˆ(r), r]
f
dr = −Rˆ
′
f
dr, (2.1)
where R[tˆ(r), r] = Rˆ. Then they chose the particular single radial null geodesic given by,
Rˆ′
f
= 1. (2.2)
With this choice, the equation (2.1) becomes,
dtˆ
dλ
= −dr
dλ
, (2.3)
whose integration yields,
tˆ(r) = τ − r, (2.4)
where τ is a constant of integration. We can see a representation of this single null geodesic
in the spacetime diagram of Figure 2.1. Note that the singularity surface tB denotes the
Figure 2.1: Spacetime diagram for the past null geodesic represented by equation (2.4),
with τ = 0. The Big Bang surface is given by tˆ = −tB which corresponds to a value rB
for the radial coordinate.
corresponding value of the radial coordinate rB. Taking into consideration the single null
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geodesic hypothesis, the equations (1.29) and (1.30) can be written in the form
˙ˆ
R2 − F
2Rˆ
= f 2 − 1, (2.5)
8piρˆRˆ2 =
F ′
2Rˆ
. (2.6)
We will now consider the hypothesis of a simultaneous big bang, or that β(r) = β0 = tB,
and choose the parabolic solution (1.35) of the field equation (2.5). The parabolic solution
and its derivatives, with β′ = 0, are written as,
Rˆ(r, t) =
1
2
(9F )
1
3 (tˆ+ tB)
2
3 , (2.7)
˙ˆ
R =
[
F
3(tˆ+ tB)
]1/3
, (2.8)
Rˆ′(r, t) =
1
3
[
9F
(tˆ+ tB)
] 1
3
[
(tˆ+ tB)F
′
2F
]
, (2.9)
˙ˆ
R′(r, t) =
1
9
(
9F
tˆ+ tB
) 1
3
(
F ′
F
)
. (2.10)
2.2 Analytical Redshift Expression
We can now obtain an analytical expression for the redshift in the LTB geometry for the
parabolic solution using the single null geodesic equation (2.1). In chapter 1, section 1.2, we
found an expression that relates the redshift z and the radial coordinate r, given by equation
(1.93). Substituting the derivatives for the parabolic solution found in the previous section in
equation (1.35) and considering equations (2.3) and (2.4) we find the following differential
equation,
dI =
2
3
1
(tˆ+ tB)
dλ. (2.11)
If we substitute the integration of the expression above into equation (1.89), we have as
result the following expression,
dtˆ
dλ
=
1∫
2
3
1
(tˆ+ tB)
dλ− 1
. (2.12)
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This expression cannot be directely integrated because we do not know the behavior of the
function tˆ(λ). So, we will approach the problem from another point of view. Considering
that tˆ = 0 at r = 0 (our “here and now”) in the integrated single null geodesic equation
(2.4) yields that τ = 0. Then, the equation (2.4) turns to out to be given as,
tˆ = −r. (2.13)
We wish now to rewrite the equation (1.86) as a function of the radial coordinate r,
instead of the affine parameter λ. Using the chain rule of derivatives, equation (1.86)
becomes,
dI
dr
=
d
dr
∫
R˙′
R′
dλ =
d
dλ
dλ
dr
∫
R˙′
R′
dλ =
dλ
dr
R˙′
R′
. (2.14)
Substituting equation (1.93) in the expression above and considering the single null geodesic
hypothesis, we find
dI
dr
=
(1− I)
Rˆ′
˙ˆ
R′. (2.15)
Now substituting the expressions (2.9) and (2.10) for the derivatives of Rˆ(t, r), we have as
result the following differential equation,
dI
dr
=
2
3
(
1− I
tˆ+ tB
)
, (2.16)
which can be rewritten using the equation (2.13), to find
dI
(1− I) =
2
3
(
dr
tB − r
)
. (2.17)
Integrating the expression above once, we obtain as a result
I(r) = 1− C3(tB − r)2/3. (2.18)
where C3 is an integration constant. This expression can be transformed in an equation
relating the redshift and the radial coordinate r, by simply using the relation given by
equation (1.92), which results in
z(r) =
1− C3(tB − r)2/3
C3(tB − r)2/3 =
1
C3(tB − r)2/3 − 1. (2.19)
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If we apply the condition where z = 0 at r = 0, we obtain the constant C3 to be equal to,
C3 = t
−2/3
B . (2.20)
The final expression for the redshift as a function of the radial coordinate is then written as,
1 + z(r) =
t
2/3
B
(tB − r)2/3 . (2.21)
We can see the behavior of the function z(r) in both the LTB and EdS cosmologies in Figure
2.2.
Figure 2.2 shows that, for a given value of the comoving radial coordinate, we can
obtain different values for the redshift, depending on the geometry considered. This is an
Figure 2.2: The redshift as a function of the radial coordinate for the parabolic LTB
model (full line), assuming the single null geodesic hypothesis, and for the Einstein-de
Sitter model. Considering c = G = 1, the temporal unit is expressed in 3.26×109 years.
The assumed value for the bang singularity is tB = 4.3, which is based on the minimum
estimated value of the age of the Universe by the ΛCDM cosmology, ∼ 14× 109 years.
The redshift tends to infinity at rB = 4.3 × 109pc (vertical dotted line). For the LTB
model, the behavior r > rB has no physical meaning, because it defines the limit of
validity of the model.
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interesting result, as measures of redshifts, and consequently distances, are often used to
obtain constraints in cosmological models, as it is done with the SNIa measures and the
ΛCDM cosmology.
With the expression (2.21) we can now obtain analytical expressions for other useful
observational quantities, such as the number counts of sources and the global volume density.
These will be obtained in the next chapter, in the context of a fractal approach for modelling
the matter distribution of the Universe.
Chapter 3
Fractals and the LTB cosmology
In this chapter we apply the single null geodesic approach for the LTB spacetime to model
the observable universe as a fractal distribution. The single null geodesic technique allows
us to go further than Ribeiro (1992a, 1993) in modeling a fractal distribution with the
LTB geometry, as we can now carry out an analytical treatment rather than a numerical
one. Some authors have recently been modelling the observable universe by dividing it into
regions having different fractal dimensions (Sylos Labini et al. 2008, Sylos Labini 2011b),
and as we shall see further in this chapter, this viewpoint is also present in the results
obtained by our theoretical fractal approach. The first section shows how the concepts
of hierarchical structures and self-similarity have been slowly developed by many authors
throughout history and became finally synthesized in the concept of fractals. In the section
3.2 we use the analytical solutions obtained in section 2.2 to derive a simple fractal LTB
model and in the last section we present and discuss the results.
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3.1 Fractals
“Theories crumble, but good observations never fade.”
(H. Shapley)
3.1.1 Historical Background
The use of fractals as a practical tool to model complex systems is mainly credited to
Mandelbrot, who proposed in his book The Fractal Geometry of Nature (1982) that fractals
can describe several very irregular shapes found in nature. That approach was followed by
many authors in different fields of science, such as biology, fluid mechanics, geo-statistics,
economics, telecommunications and other areas. But the concept of fractals, including its
use in the cosmological context, was already being developed much earlier by many authors
under other terminologies and different aspects. We will briefly describe here some of these
works. For a more detailed discussion, see Ribeiro (1994, 2005), Conde-Saavedra (2011)
and Conde-Saavedra et al. (2013).
In this sense, the earlier concept of hierarchical structures can already be found in the
works of E. Swedenborg (1734), I. Kant (1724 - 1804) and J. H. Lambert (1728 - 1777).
Even in the presocratic Greece, the philosopher Anaxagoras (500 - 428 B. C.) presented
a theory of how matter seemed to be divisible without limit and grouped under the same
structures in various scales, an idea similar to the self-similarity concept later derived by
other authors. Kant thought that the idea of hierarchical systems could be used to explain
the stellar and galactic systems, and even wrote that there would be an infinite progression
of worlds and systems, or that there is an infinite hierarchy for these systems, differently
of Swedenborg, who proposed in his book Principia that the systems were hierarchically
organized but not ad infinitum (Baryshev & Teerikorpi 2005).
John Herschel (1792 - 1871) also thought there could be an infinite universe when he
was searching for an explanation of the Olber’s Paradox, which would allow many structures
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to form and that there was an infinite amout of directions so that we could look at one and
not find a star. For that, he concluded that there were many systems that obey a law that
“every higher order of bodies should be immensely more distant from the centre than those
of the next inferior order”, which could lead to some sort of hierarchical system, or, as he
called, a “cosmic law” (c.f. Baryshev & Teerikorpi 2005).
The idea of hierarchical structure of the universe was finally put into a practical and
mathematical frameworks in 1907 by Edmund Fournier d’Albe (1868 - 1933). In his work
Two new worlds, stars were distributed in a hierarchy of spherical clusters in an infinite space,
and the mass inside each sphere would increase proportionally to its radius,
M(R) ∼ R. (3.1)
This idea of his was born as an explanation for the cosmological paradoxes in Newton’s
universe.
The astronomer Carl Charlier (1862 - 1934) published an article in 1908 called How an
infinite world may be built up where he studied Fournier d’Albe’s ideas to develop more
general models of stellar distributions. He found a criterion which hierarchy would have to
fulfill so that it could solve the Olber’s Paradox and the infinite gravitational potential as
well. He proposed that the important factor was how fast the density would increase from
one level (i) to the next one (i + 1), and that this would depend on the ratio of the sizes of
sucessive elements and on the number Ni+1 of the lower elements forming the upper one.
Its criterion can be written as
Ri+1
Ri
≥ Ni+1, (3.2)
where Ri and Ri+1 are the sizes (radia). He later derived a second criterion,
Ri+1
Ri
≥
√
Ni+1, (3.3)
after a note from Selety in 1922. In terms of continuous mass-radius behaviour for identical
particles of mass m, the first criterion corresponds to M(R) = mN(R) ∼ R, and the second
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gives M(R) ∼ R2, which is sufficient to solve the Olber’s paradox and the infinite gravity
force.
The concept of hierarchical clustering was also investigated by Carpenter (1938), from
data obtained at the Harvard and Mount Wilson observatories. He found that the smaller
clusters were denser than the bigger ones, and, therefore, galaxies were distributed in a
nonuniform, though not random way. As his work lacked a mathematical formulation, his
results and the hierarchical cosmology were abandoned for some time.
In 1970 G. de Vaucouleurs proposed a hierarchical cosmology model where the galaxies
would follow an average global density power law with negative slope, of the form ρ¯ ∝ r−1.7.
Soon after, J. R. Wertz (1971) studied some possible models of a Newtonian hierarchical
cosmology, and then proposed some observational tests for these models (see Ribeiro 1994
and references therein).
These specific works were synthesized in the idea of fractals, proposed by Mandelbrot
in 1977. He introduced the term and gave its definition: “fractal is a set for which the
Hausdorff dimension strictly exceeds the topological dimension”, though asserting that such
a definition for fractals would problably be too restrictive. Later, he relaxed this definition
and stated that a fractal can be described as “a shape made of parts similar to the whole in
some way”, which is essentially the concept of hierarchical clustering where smaller systems
like galaxies can group together to form bigger systems, like clusters and superclusters, which
would be structures with similar characteristics but at larger scales (see Ribeiro 1994).
To clarify the concept of a fractal dimension associated to irregular structures, let us
take as an example the classic coastline length problem (Mandelbrot 1967). A coastline is
made of self-similar parts, so that more and more structures are covered if we reduce to
smaller units, which lead to an increase in the length of the coastline. Then, the smaller the
unit considered, the higher the precision, and longer the coastline will be, reaching a limit of
an infinite perimeter. So the precision of the length measure is dependent on the covering
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units. To solve this contradiction, Mandelbrot proposed that the coastline perimeter should
be expressed by a power law,
L(δ) ∝ δN(δ), (3.4)
where N(δ) ∝ δ−D is the number of δ scales that covers the coastline, and D is the fractal
dimension, which denotes the level of regularity the coastline. The higher the value of the
fractal dimension, the more irregular the coastline is. The measured value for the fractal
dimension of the Great Britain coastline is D = 1.31, less irregular than the coast of Norway,
found to have D = 1.452. The non-integer values denote that the coastlines are somewhere
between straight lines (D = 1) and surfaces (D = 2).
Other authors, such as W. B. Bonnor (1972) and P. S. Wesson (1978-1979) studied
relativistic models with density power laws, with similar exponents (ρ¯ ∝ r−1.7 and ρ¯ ∝ r−2,
respectively). In 1987 L. Pietronero published a model where the large-scale distribution
of galaxies formed a single fractal system, obtaining a de Vaucoulers’ type global density
power law ρ¯ ∝ r−γ as result. In 1988, R. Ruffini, D. J. Song & S. Taraglio proposed that
the fractal system should have an upper cutoff to homogeneity in order to solve what they
called as an apparent conflict between “the commonly accepted idea in theoretical cosmology
that greater distances represent earlier epochs of the Universe implying that higher average
densities should be observed”, a transition that was suggested by Wertz (1970). This
contradiction was found to be false (Ribeiro 2001, 2005; Rangel Lemos & Ribeiro 2008), as
the use of different distance definitions implies in different behaviors of the local and average
densities. As z → ∞, the local density tends to infinity, but the average density along the
past null cone tends to zero. Other hierarchical systems were also studied by E. Abdalla et.
al (1998, 1999, 2004), who also found density distributions along the past null cone which
are described by power laws in spatially homogeneous models.
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3.1.2 Mathematical Development of a Simple Fractal Model
Now we will develop the hypothesis of self-similarity in a more practical way. We can say that
the idea of self-similarity implies that the rescaling of the length r by a factor b (Baryshev
& Teerikorpi 2005),
r → r˜ = br, (3.5)
leaves that some property, presented by an arbitrary function s(r) remains unchanged, apart
from a renormalization that depends on b, but not on the variable r. This leads to the
functional relation
s(r˜) = s(b · r) = A(b) · s(r), (3.6)
which is satisfied by a power law with any exponent. For
s(r) = s0r
d, (3.7)
we have
s(r˜) = s0(br)
d = (b)ds(r). (3.8)
The exponent d defines the behaviour of the function everywhere, and if we construct
a self-similar model or a fractal structure using this function, this exponent will have a
fundamental physical meaning of a fractal dimension. If we assume the condition for the
amplitude s(r0) = 1, this implies a certain length s0 given by,
r0 = s
−1/d
0 . (3.9)
Note that this is not a characteristic length because the power law was constructed as self-
similar at the beginning. Thus, there is no preferred scale as the exponent d is a constant
dimensionless factor and is not related to any length scales.
The single fractal model presented by L. Pietronero (1987) applies this mathematical
point of view to a deterministic fractal structure for the galaxy distribution. The basic idea
of his model can be derived as follows. Starting from a point occupied by an object, we
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Figure 3.1: A schematic illustration of a deterministic fractal system from where a fractal
dimension can be derived. The structure is self-similar, repeating itself at different scales
(Pietronero 1987).
count how many objects are present within a volume characterized by a certain length scale,
to get N0 objects within a radius r0, N1 = k˜N0 objects within a radius r1 = kr0 and
N2 = k˜N1 = k˜
2N0 objects within a radius r2 = kr1 = k
2r0, as illustrated by Figure 3.1. In
general we have
Nn = k˜
nN0, (3.10)
within
rn = k
nN0, (3.11)
where k˜ and k are constants. If we take the logarithms of the equations (3.10) and (3.11)
and divide one by the other we get,
Nn = σ(rn)
D, (3.12)
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with
σ ≡ N0
(r0)D
, (3.13)
D ≡ log k˜
log k
, (3.14)
where σ is a prefactor of proportionality related to the lower cutoffs N0 and r0 of the fractal
system, i.e., the inner limit of the fractal system, and D is the fractal dimension.
With this simple model in mind, in the next section we will derive a fractal model in the
LTB space-time.
3.2 A Fractal Approach for the LTB Cosmology
We will now derive the expressions that relate the LTB geometry to a simple fractal model.
Following Pietronero’s assumption about the fractal distribution of cosmic objects, the ex-
pression for the number of these objects N inside a spherical region whose radius is given
by the luminosity distance dL as follows,
N = σ(dL)
D. (3.15)
The global density of a fractal distribution having dimension D is given by the de Vaucoulers’
power law, as below,
ρL =
NMg
VL
=
3σMg
4pi
(dL)
(D−3). (3.16)
The two expressions for the global density, equations (1.68) and (3.16) are the same quantity,
so they can be written as the following expression,∫
C
F ′
f
dr = 4σMg[Rˆ(1 + z)2]D. (3.17)
This expression can be called as the self-similarity condition for the LTB model in the single
null geodesic regime. This condition parametrizes the LTB matter distribution and curvature
in terms of the two parameters which characterize a single fractal distribution (σ,D).
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Substituting in the above the expression the equation (2.21) for the redshift and equation
(2.7) for Rˆ, we have,∫
C
F ′
f
dr = 4σMg
1
2
(9F )1/3(tB − r)2/3
(
t
2/3
B
(tB − r)2/3
)2D . (3.18)
If we assume now f(r) = 1, i.e., the model has the same positive constant curvature for
any value of r, we obtain an expression for the function F (r), which obeys a fractal matter
distribution as follows,
F = 4σMg
1
2
(9F )1/3(tB − r)2/3
(
t
2/3
B
(tB − r)2/3
)2D . (3.19)
The above equation can be rewritten as,
F (r) = (4σMg)3/(3−D)
{
1
2
(9)1/3
[
t
4/3
B
(tB − r)1/3
]}3D/(3−D)
. (3.20)
Using the expression (2.21) we can rewrite equation (3.20) as a function of the redshift z
as below,
F (z) = (4σMg)3/(3−D)
[
1
2
(9)1/3
(
t
2/3
B
1 + z
)
(1 + z)2
]3D/(3−D)
. (3.21)
We can compare the behavior of the global density for Einstein-de Sitter and parabolic
LTB models. Substituting the equations (2.7) and (2.21) in the equation (1.68), along with
the assumption that f(r) = 1, we obtain the global density in the parabolic LTB model,
given by,
γ∗LTB(r) =
(tB − r)2
6pitB
4
. (3.22)
For the Einstein-de Sitter case, we use equations (1.133), (1.127) and (1.136) in equation
(1.68) to obtain the following expression,
γ∗EdS(r) =
(3t
1/3
B − r)6
54pi(3tB)4
. (3.23)
Substituting the expression (1.138) in equation (3.23), we come up with the expression for
the global density as a function of the luminosity distance, that is,
γ∗EdS(dL) =
1
6pitB
2
(
1
2
+
√
dL
3tB
+
1
4
)−6
. (3.24)
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Note that these expressions for the global densities do not depend on the parameters σ and
D, because the function F (r) cancels out during their derivation.
3.3 Results
We ran a few tests of the model for various intervals of redshift and the radial coordinate.
The results can be seen in the graphs below. We compare the LTB model with the Einstein-
de Sitter one.
The objective is to obtain the parameters σ and D which generate a fractal distribution
of matter such that F = F (σ,D) and compare it with the distribution of matter in the
Einstein-de Sitter cosmology. Fig. 3.2 shows the global densities for the parabolic LTB and
the Einstein-de Sitter cosmologies in terms of the radial coordinate r (not dependent on
σ and D), using the expressions (3.22) and (3.23), respectively. We see that the global
density for the LTB cosmology reaches a minimum value faster than for the Einstein-de
Sitter cosmology. This happens because the singularity of the parabolic LTB global density is
defined directly by the value assumed for tB, and in the Einstein-de Sitter case the singularity
of its global density is 3t
1/3
B , as stated by equation (3.23).
In Fig. 3.3 we plot the global density as a function of the luminosity distance for the
fractal and the Einstein-de Sitter models, which are given by the expressions (3.16) and
(3.24), respectively, and considering the lower cutoff constant σ as the unity for any value
of the fractal dimension. We see that the fractal models shows a linear behavior for any
fractal dimension, and that the Einstein-de Sitter is linear (constant) only in a certain range
of values of the luminosity density, eventually decreasing for higher values. In Fig. 3.4 we
changed the values of the constant σ, for different fractal dimensions. From this plot we
can see that, for each different fractal dimension, the value of σ can be adjusted to match
the Einstein-de Sitter model in different ranges of the luminosity distance. Figures 3.5 and
3.6 show the behavior of the functions defined by equations (3.20) and (3.21) which can be
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Figure 3.2: Luminosity distance global density vs. the radial coordinate for the parabolic
LTB and the Einstein-de Sitter models.
interpreted as the cumulative distribution of matter inside a radius r or a redshift z. We see
that the distribution grows with r and eventually reaches a maximum value at the singularity
of the model. For the redshift plot, it grows indefinitely.
In all graphs presented here we assume Mg = 1, which means that we always consider
the cosmological sources to have the same mass, equal to 2.09× 1022M.
The plots indicate that the parabolic LTB fractal model generally tends to the Einstein-
de Sitter one for high values of the luminosity distance, radial coordinate and the redshift,
for low values the fractal dimension. This indicates that, as z → ∞, the fractal model
assymptotically tends to the Einstein-de Sitter cosmology if the fractal dimension is low.
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Conclusions
In this work we have presented an overview of the spatially inhomogeneous Lemaˆıtre-Tolman-
Bondi geometry, including its derivation from the field equations of General Relativity. We
used the concept of the single past null geodesic to obtain analytical solutions for many
relevant observational quantities, such as the redshift and the number counts of cosmic
objects. These analytical solutions allowed us to study a simple fractal model in the context
of the parabolic LTB inhomogeneous geometry, avoiding then a numerical approach, as was
done by Ribeiro (1993).
In chapter 1 we presented the inhomogeneous solution and discussed some of the prop-
erties of the model, showing two commonly used notations of the LTB geometry along with
their interpretations. We also presented the observational quantities that are used in the
context of cosmology and astrophysics, such as the area, luminosity and galaxy distances,
the source number counts, the global density and finally the redshift, which we obtained
by two different but equivalent methods. The chapter ended with a demonstration of the
generality of the LTB geometry, as it allows the possibility of generating Friedmann models
by a choice of the LTB arbitrary functions.
We presented the concept of the single radial null geodesic in chapter 2, and used it to
obtain an analytical solution of the parabolic LTB model for the redshift in terms of the
radial coordinate. This solution allowed us to derive expressions for observational quantities
of interest in this particular cosmology, such as the number counts and the global density
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in an entirely analytical manner as opposed to the numerical approach of Ribeiro (1992a,
1993). This work was motivated by a lack of analytical fractal solutions for the LTB model
until this date.
With the expressions obtained in chapter 2 we derived a simple fractal model in chapter 3,
along with the results and interpretations of the functions of the fractal model. A comparison
with the Einstein-de Sitter geometry was made to clarify the interpretations and discussions
of this fractal model. The conclusions we obtained are as follows:
• For high values of the luminosity distance (∼ 102 to 103 Gpc), the fractal global
density tends to the Einstein-de Sitter one if the fractal dimension nears D = 0.5, if
we use the same value of the lower cutoff constant σ = 1 for all the fractal dimensions.
This behavior means that low values of the fractal dimension D imply an equivalent
behavior of the global density in both the spatially homogeneous model and a simple
fractal model with D = 0.5 and for high values of the luminosity distance.
• For different values of the lower cutoff constant σ we find that the global density for
the fractal model can be approximated to the Einstein-de Sitter’s, depending on the
assumed values of the luminosity distance and the fractal dimension. This behavior
indicates that a change in σ, which is related to the initial values of the number of
objects and the radius of the fractal system, can significantly alter the behavior of the
global density of a fractal system.
• The behavior of the function F (r), which denotes the cumulative distribution of matter
in a given radius, and is described by equation (3.20), indicates that, for D ∼ 0.5, the
distribution of the parabolic LTB model tends to the Einstein-de Sitter’s distribution,
for r > 2 × 109pc. For any value of the fractal dimension D, the function reaches a
maximum value near the singularity of the parabolic LTB model, which in this case is
located at the radial coordinate rB = 4.3× 109pc.
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• The cumulative distribution of matter as a function of the redshift, described by
equation (3.21), also has a tendency to the Einstein-de Sitter distribution as the
fractal dimension assumes low values (0.5 < D < 1.0) for high redshifts (z ' 2), a
similar behavior seen the radial distribution in Fig. 3.5.
This similar behavior of a tendency for the Einstein-de Sitter cosmology for high values of
the luminosity distance, radial coordinate and the redshift, found in all of our results, indicate
that the parabolic LTB and fractal models can reach a spatially homogenenous behavior in
the larger scales. Nevertheless, we see that for every value of the fractal dimension the fractal
global density of matter follows a linear pattern, related to a power-law, which is independent
of the scale considered. All the fractal distributions “intersect” in a certain small range of
values of the luminosity distance or the radial coordinate, when we consider the same value
for the lower cutoff constant σ. This constant is interpreted as an initial distribution of
objects in a certain radius. That being said, it may suggest an observational constraint of
the model which could define the best suitable fractal dimension for the considered range of
luminosity distance/redshift, and consequently constraining the parabolic LTB fractal model.
Following this viewpoint, the distribution of matter can be modeled with more than one
value for the fractal dimension, depending on the scale considered, as we can have different
values of the constant σ for different scales. So, these indications of the variation of the
fractal dimension with the luminosity distance/redshift mean that a spatially homogeneous
distribution of matter (galaxies) can be approximated by an inhomogeneous LTB model at
some scales with fractal features.
It is worth mentioning that this way of modelling the Universe, with the use of a inhomo-
geneous cosmology, does not necessarily mean that the whole Universe can be described as
inhomogeneous. It may happen that this description holds only in a certain range of scales
or redshift (Tolman 1934).
The results of this work show that lower values of the fractal dimension approximate a
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spatially homogeneous distribution of matter along the past null cone, and that the lower
cutoff constant σ may be used as an observational and theoretical constraint to a fractal
model. So, for higher values of the luminosity distance/redshift and lower densities, one
should expect a lower fractal dimension model to be approximately a spatially homogeneous
cosmology, which is the opposite result for smaller scales, in which a higher fractal dimension
approximates a spatially homogeneous cosmology.
This work can be expanded as these parameters and observational quantities can be
directly compared with observational results. A comparison with the standard model ΛCDM
can also be made in order to evaluate the observational concordance of these models.
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